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1. INTRODUCTION
In this paper, we define roots a in terms of the length of the root chains
Ž .to which a give rise to and of the sign of a , b for any other root b and
show that any Lie superalgebra with Cartan decomposition and non-
degenerate bilinear form, containing a regular element, whose roots are
either of finite or infinite type, and satisfying another natural technical
condition, is a direct sum of finite dimensional classical Lie superalgebras
Ž wand affine Lie superalgebras with symmetrizable Cartan matrices see 6,
x. Ž .9 , and generalized Kac-Moody GKM superalgebras.
w xIn 11 we defined GKM superalgebras by generators and relations and
proved a generalization of the character formula for its lowest weight
modules. We start by giving a broader definition of GKM superalgebras
that includes their central extensions as in the case of a GKM algebra, it
might be useful to include them; and we study the properties of their roots.
Our results seem to indicate that the GKM superalgebras and the
contragredient Lie superalgebras of finite growth with symmetrizable
Cartan matrix form a somewhat complete class of Lie superalgebras. Our
characterization may be used to show that a given Lie superalgebra is a
GKM superalgebra without having to find generators satisfying the defin-
ing relations. Once a certain superalgebra is known to be of type GKM,
one can, for example, apply the character formula to its lowest weight
w xmodules and see if it gives rise to interesting functions or not. In 1
Borcherds proved that a Z-graded Lie algebra with a contravariant bilinear
form which is positive definite on all pieces except the zero-th piece is a
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GKM algebra. We give evidence showing that this does not hold for most
GKM superalgebras. In fact, in practice, it seems easier to check proper-
ties of root spaces rather than trying to find such a bilinear form.
We finish by applying the main theorem to various examples. In particu-
lar, we show that the Lie sub-superalgebra of elements of a GKM
superalgebra G fixed by a finite group of diagram automorphisms is a
GKM superalgebra unless G has an even root a s a q a of norm 0,1 2
where a and a are odd roots of positive norm.1 2
Notation and Assumptions. All vector spaces are assumed to be over R.
We will write the Z -gradation of a superalgebra G as G s G [ G , and2 0 1
 4if x g G for i g 0, 1 , then x will denote i.i
2. DEFINITIONS AND ELEMENTARY PROPERTIES
We first state the definition, by generators and relations, of a contragre-
dient Lie superalgebra.
 4 qLet I be a finite set 1, . . . , n or a countable set identified with Z and
let I be a subset of I. Then set I indexes the generators contained in G .1 1 1
Ž .Let A s a be an arbitrary real matrix.i j i, jg I
˜ ˜Ž .Let G s G A, S be the Lie superalgebra with generators e , f , h , i,i i i j
j g I, and the following relations:
e , f s hi j i j
h , e s d a ei j k i j i k k
h , f s yd a fi j k i j ik k
deg e s deg f s 0 if i f Ii i 1
deg e s deg f s 1 if i g I .i i 1
˜For simplicity of notation, we denote h , i g I by h . Let H s Ý R h .i i i i, jg I i j
Ž .We do not need to include h i, j g I in the above set of generators.i j
˜ ˜For i / j, h is in the centre of G, contained in H. The proof of Theoremi j
˜ ˜w x4 in 2 implies that H is an Abelian sub-superalgebra of G, and so h s 0i j
w xunless the ith and jth columns of the matrix A are equal. As in 2 , it can
˜be shown by constructing representations of G that the non-zero h formi j
˜ ˜a basis for H. And there exists a unique maximal ideal R of G intersecting
˜ Ž w x.H trivially see Theorem 1.2 in 8 .
ˆWe next define the universal contragredient Lie superalgebra G with
˜ ˜matrix A to be GrR. Since R l H s 0, we keep the same notation for the
˜ ˆimage of H in G.
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DEFINITION 2.1. A contragredient Lie superalgebra G is defined to be
ˆŽ .a semi-direct product of the form GrC .D, where D is an Abelian even
ˆsuperalgebra such that all the e and f are eigenvectors of D, and GrC isi i
ˆ Ž .a quotient of G by a central superalgebra C F G .0
Roughly speaking, we throw away part of the centre and add some outer
ˆderivations to G to obtain a contragredient superalgebra.
ˆw xAs in 2 it can be shown that G is the universal central extension of the
ˆcontragredient Lie superalgebra GrC whenever A has no zero columns.
We keep the same notation for the non-zero images of e , f , h , h in G.i i i i j
In the rest of this paper, we assume that in the Lie superalgebras
considered, h s 0 if i / j.i j
˜It follows that H s D [ H is an Abelian even superalgebra of G. For
i g I, define the simple roots a in H*, the dual space of H, to be asi
follows:
w xh , e s a h e , h g H .Ž .i i i
Ž .  <w x Ž . 4For all a / 0 g H*, let G s x g G h, x s a h x, h g H be thea
Ž .root spaces of G. Let D denote the set of roots of G relative to H . As in
w xTheorem 1.2 in 8 ,
G s H [ [ G .Ž .a g D a
We assume that for any a g D, a can be written as a finite sum Ýk a ,i i
where all the k are in Zq, in which case we say that a is a positi¤e root,i
or all the k are in Zy, in which case a is a negati¤e root. The height of thei
< <root a is defined to be Ýk . This clearly holds when the simple roots arei
linearly independent, in which case the height is uniquely defined, and
furthermore any a g D is either e¤en, i.e., G is contained in G , or odd,a 0
i.e., G F G . In general, a root space may have an odd and an even part:a 1
for example, when
y1 y1  4A s , I s 1 .1ž /y1 y1
The simple contragredient finite dimensional Lie superalgebras are the
Ž w x.classical ones with symmetrizable Cartan matrix see 6 , i.e., those of
Ž . Ž . Ž . Ž . Ž . Ž .types A m, n , B m, n , C n , D m, n , D 2, 1; a for a / 0,y 1, F 4 ,
Ž .and G 3 . The contragredient affine Lie superalgebras also have sym-
w xmetrizable Cartan matrix and are listed in 9 .
From now on we assume that G is a contragredient Lie superalgebra
with symmetrizable matrix A. Without loss of generality, we assume that
ŽA is symmetric otherwise, multiply A by an adequate diagonal matrix with
Ž .positive entries to get a symmetric matrix B, and G s G A is isomorphic
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Ž ..to contragredient Lie superalgebra G B . There is a symmetric bilinear
form defined on H by
h , h s a h , h g H ; h , h9 s 0, h , h9 g D ,Ž . Ž . Ž .i i
which extends uniquely to a supersymmetric bilinear invariant form on G
Ž w x.see 6, 7 , called the standard form. There also is a symmetric bilinear
form on the root lattice given by:
a , a s a .Ž .i j i j
Ž .DEFINITION 2.2. A contragredient Lie superalgebra G s G A is a
Ž .generalized Kac}Moody GKM superalgebra if the real matrix A satis-
fies the following conditions:
Ž .i a s a ;i j ji
Ž .ii a F 0 if i / j;i j
Ž .iii 2 a ra g Z if a ) 0;i j i i i i
Ž .iv a ra g Z if a ) 0 and i g I .i j i i i i 1
Remark 2.1. As usual, it is not too hard to see that if G is a GKM
superalgebra, and a and b are positive roots of non-positive norm, then
Ž .a , b F 0.
Most of the above classical finite dimensional simple Lie superalgebras
are not GKM algebras, as they have no base with respect to which all
Žnon-diagonal entries of the Cartan matrix are non-positive see Section
w x.2.5.4 in 6 . A simple classical Lie superalgebra G is a GKM superalgebra
Ž . Ž . Ž . Ž . Ž .if and only if G is of type A m, 0 , A m, 1 , B 0, n , B m, 1 , C n ,
Ž . Ž . Ž . Ž .D m, 1 , D 2, 1; a for a / 0, y1, F 4 , and G 3 . Indeed they have a base
with respect to which the Cartan matrix is, respectively,
0 y1 0 ??? 0 0
0 y1 0 ??? 0 y1 2 y1 ??? 0 0y1 2 y1 ??? 0
0 y1 2 ??? 0 0
, ,0 y1 2 ??? 0 . . . . . .. . . . . .. . . . . . . . . . .. . . . . 0. . . . . 0 0 0 ??? 2 y1 0
0 0 0 ??? 2
0 0 0 ??? y1 0
0 y1 0 ??? 0 0
1 y1 0 ??? 0 y1 2 y1 ??? 0 0y1 2 y1 ??? 0
0 y1 2 ??? 0 0
, ,0 y1 2 ??? 0 . . . . . .. . . . . .. . . . . . . . . . .. . . . . 0. . . . . 0 0 0 ??? 2 y1 0
0 0 0 ??? 2
0 0 0 ??? y1 1
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0 y1 0 ??? 0 0 2 0 y1 ??? 0 0
y1 2 y1 ??? 0 0 0 2 y1 ??? 0 0
0 y1 2 ??? 0 0 y1 y1 2 ??? 0 0
, ,. . . . . . . . . . . .. . . . . . . . . . . .. . . . . . . . . . . .
0 0 0 ??? 2 y2 0 0 0 ??? 2 y1 0  0
0 0 0 ??? y2 4 0 0 0 ??? y1 0
0 y1 0 02 y1 0 y1 2 y2 0for a ) 1, ,y1 0 ya 0 y2 4 y2ž /  00 ya 2a 0 0 y2 4
0 y1 0
,y1 2 y3ž /0 y3 6
Ž .where in all cases i g I if and only if a s 0 or 1. Furthermore D 2, 1, a1 i i
Ž .and D 2, 1; b are isomorphic when a and b belong to the same orbit of
1the group of order 6 generated by a ‹ y1 y a , a ‹ .a
Remark 2.2. Note that as in the GKM algebra case, GKM superalge-
Žbras have a unique Cartan matrix of GKM type up to multiplication by a
. Žpositive scalar . Indeed all the Cartan superalgebras are conjugate. The
w x .proof of 10 remains valid. Furthermore any two bases P and P9 of the
Žroot system, giving rise to a Cartan matrix of GKM type i.e., as defined in
.Definition 2.2 , give rise to Cartan matrices which are positive multiples of
one another. Indeed all supersymmetric invariant, bilinear forms on the
w Ž . Ž .xderived algebra G A , G A are multiples of the standard bilinear form
˜Ž w x. Žsee 5, 6 . Therefore by Remark 2.1, if D is the set of all positive with
˜.respect to P roots of non-positive norm, then either all elements of D are
positive sums of elements of P9 or they are all negative sums of elements
of P9. Therefore both P and P9 give rise to the positive multiples of the
Ž w x.same Cartan matrix see Proof of 5.9 in 9 .
As Remark 2.1 does not hold with respect to bases which give rise to
Cartan matrices having both positive and negative non-diagonal elements,
they may have non-equivalent Cartan matrices, only one of which is of
GKM type; e.g., both
0 y1 0 2 y1 0
andy1 2 y1 y1 0 1ž / ž /0 y1 0 0 1 y2
Ž .are Cartan matrices of type A 1, 1 .
Ž .Note that according to Definition 2.1, both A 1, 1 and its central
Ž .extension sl 2, 2 by a 1-dimensional center are GKM superalgebras. This
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example also shows that for a finite dimensional GKM superalgebra, some
non-positive norm root spaces may have dimension greater than 1. Indeed
Ž .if G is of type A 1, 1 , then its norm 0 root spaces have dimension 2.
The affine Lie superalgebras with symmetrizable Cartan matrices are
w xlisted in 9 . Any proper principal minor of their Cartan matrix is the
Cartan matrix of a finite dimensional classical Lie superalgebra. So if they
have an odd simple root of norm 0, then their Cartan matrix has positive
and negative non-diagonal entries. Therefore the affine Lie superalgebras
which are GKM superalgebras are the affine contragredient Lie superalge-
w x Ž2.Ž . Ž2.Ž . Ž2.Ž .bras listed in 7 , i.e., A 0, 2n y 1 , n G 3, A 0, 3 , C n q 1 , n G 2,
Ž2.Ž . Ž4.Ž . Ž4.Ž .C 2 , A 0, 2n , n G 2, and A 0, 2 . The first two have Cartan matri-
ces
2 0 y1 ??? 0 0
0 2 y1 ??? 0 0
2 y1 0y1 y1 2 ??? 0 0
. . . . . . , y1 1 y1. . . . . . ž /. . . . . . 0 y1 2 00 0 0 ??? 2 y1
0 0 0 ??? y1 1
respectively, where i g I if and only if a s 1. When i g I if and only if1 i i 1
a s 1,i i
1 y1 ??? 0 0
y1 2 ??? 0 0
. . . . . 1 y1. . . . . ,. . . . . ž /y1 1
0 0 ??? 2 y1 0
0 0 ??? y1 1
Ž2.Ž . Ž2.Ž .are the Cartan matrices for C n q 1 , n G 2, and C 2 , respectively.
 4 Ž4.Ž .When I s 1 , they are the Cartan matrices of A 0, 2n , n G 2, and1
Ž4.Ž .A 0, 2 respectively.
When G is a GKM algebra, all its real roots have positive norm and are
conjugate to a simple root under the action of the Weyl group. Further-
more, when G has at least two simple roots, a root a is real if and only if
for any root b , na q b is a root for only finitely many consecutive
integers n. This is a characteristic property of real roots. In general for
either finite dimensional simple, affine, or GKM superalgebras, there are
roots of positive and non-positive norms satisfying this property. Indeed, if
a is a simple odd root of norm 0 of a GKM superalgebra G, theni
w w xx w xe e , e s 0 for all j g I. Otherwise e , e / 0, and therefore generatesi i j i i
a graded ideal of G having trivial intersection with the Cartan subalgebra
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Ž .H. Furthermore if G is of type B 1, 1 with Cartan matrix
0 y1 ,ž /y1 1
where both simple roots are odd, then the root a q a has norm y1, but1 2
satisfies the above property since G is finite dimensional. Therefore the
terminology real and imaginary makes little sense in the case of Lie
superalgebras, and it is better to classify roots according to the length of
root chains they give rise to.
Ž .In the rest of this section, G s G A will denote a GKM superalgebra
with Cartan matrix A.
DEFINITION 2.3. 1. The root a of G is said to be of finite type if for all
roots b of G, na q b is a root of G for only finitely many integers n g Z.
1 42. The root a is of infinite type if for any root b f a , a , 2a for2
Ž .Ž .which a , b a , a ) 0, na q b are roots for all positive integers n,
unless a and b are both positive or both negative, b is of finite type, and
norm 0 and a y b is a root.
Remark 2.3. The next example shows that the definition of infinite type
roots needs to be as above: Let
0 y1 y1
A s ,y1 y1 0ž /y1 0 y1
 4 Ž .where I s 1, 2 . Then the root a s a q a is such that a , a - 0 but1 1 2 1
Ž .a q a is not a root, a , a s 0 and na q a is not a root for all n G 2,1 2 2
Ž .and a , a - 0 and na q a is a root for all positive integers n.3 3
Ž .We shall show in Proposition 2.7 that all roots of G A which are not of
finite type are of infinite type.
If G is a GKM algebra, then a root a is of finite type if and only if a is
real, i.e., of positive norm. However, there are GKM superalgebras with
roots of finite type whose norms are of various signs. For example, if the
Ž . Ž . Ž .Cartan matrix is of type A m, 1 , B m, 1 , or D 2, 1; a , then the Lie
superalgebra has roots of finite type of positive, negative, and zero norm.
As Corollary 2.5 shows, these are the only GKM superalgebras with roots
of finite type having negative norm.
As seen above, all simple odd roots of norm 0 are of finite type.
˜As usual, when G is a GKM superalgebra, the maximal ideal R of G is
generated by
y2 a ra q1 y2 a ra q1i j i i i j i iad e e , ad f f , for a ) 0, and 1Ž . Ž . Ž .i j i j i i
w xe , e s 0 s f , f if a s 0. 2Ž .i j i j i j
This follows from the next lemma.
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˜ Ž . Ž .LEMMA 2.1. The ideal of G generated by the elements 1 and 2 is the
˜maximal ideal R intersecting H tri¤ially.
˜ ˜Proof. Let G be the Lie superalgebra GrJ, where J is the ideal in G
Ž . Ž .generated by the elements 1 and 2 and the central elements h fori j
i / j. Let J be a D-graded ideal of G which has trivial intersection with1
H. Therefore we may assume that G / H.
Ž . Ž .Let ?,? be the standard form on G. If ?,? is degenerate on H, then
take some Abelian algebra B having the elements e , f as eigenvectors,i i
and consider the GKM superalgebra Ge s G.B. Choose B so that the
restriction of the standard form on Ge to H e s H [ D is non-degenerate.
e Ž .Since J is D-graded, it remains an ideal in G . If ?,? is nondegenerate on1
H, then we obviously take Ge s G.
The sub-superalgebra Jq s J l [ G is also a D-graded ideal in1 1 a ) 0 a
e Ž . w x. eG see Theorem 1.2, e in 8 . Let a be a positive root of G of minimal
height such that Jq l G / 0. If a is a simple odd root of positive norm,1 a i
then 2a is an even root. Hence if a is an even root of positive norm,i i
then E s e , F s f , h generate a superalgebra isomorphic to sl , and ifi i i i i 2
w x w xa is an odd root, then E s e , e , F s f , f , h generate a superalge-i i i i i i i i
bra isomorphic to sl . Let r be the following automorphism of Ge: r s2 i i
Ž .Ž .Ž .exp F exp y E exp F for i g I such that a is of finite type. Theni i i i
Ž q. q Ž .r J s J . Hence a , a F 0 for all simple roots a of finite type andi 1 1 i i
1e Ž . Ž .non-zero norm. Let r g H * be such that r, a s a , a for all i g I.i i i2
Ž . Ž . Ž . w x.Then 2 r, a y a , a G 0 see proof of Lemma 11.13.2 a in 8 . How-
Žever, since a is clearly not simple and the support of a is connected see
w x.proof of Lemma 1.6 in 8 , the above inequality is strict. On the other
hand, as Jq l G must appear in any system of generators of Jq ,1 a 1
Ž . Ž . Ž w x.2 r, a y a , a s 0 see proof of Proposition 9.11 in 8 . This contradic-
tion proves the result.
Therefore the kernel of the bilinear form on G defined above is
contained in the Cartan superalgebra. We now give an elementary prop-
erty of roots of finite type.
All simple roots of positive norm are of finite type, and the correspond-
ing root spaces have dimension 1. So in this case, it makes sense to talk of
even and odd roots, even when the simple roots are linearly dependent.
Let a be a simple root of positive norm, then r will denote thei i
corresponding reflection when a is even, and the reflection correspondingi
to 2a when a is odd. Set W to be the group generated by thesei i 0
reflections.
LEMMA 2.2. Any positi¤e root of norm 0 and finite type or of positi¤e
norm is conjugate to a simple root under the action of the group W .0
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Proof. For roots of positive norm, this follows from the usual argu-
ments.
Let a be a positive root of finite type and norm 0 of minimal possible
Ž .height in W a , and suppose that a is not simple. Hence a , a F 0 for all0 i
Ž .i g I. It follows that a , a s 0 for all simple roots a in the support ofi i
a . So the simple roots in the support of a all have positive norm, and thus
the support of a is of affine type. It follows that a is not of finite type,
contradicting assumptions.
It follows that all roots of positive norm are of finite type, and all roots
of norm 0 and finite type are odd.
w xIn 4 , Borcherds proved that in the case of a GKM algebra, when a and
Ž .b are positive imaginary roots and a , b s 0, the root spaces G , Ga b
commute. As the following example shows, there exist GKM superalgebras
with odd roots a of norm 0, which are not of finite type, i.e., such that
w x Ž .G ,G / 0 even though a , a s 0.a a
EXAMPLE
When the Cartan matrix is
2 y2 ,ž /y2 2
ww xw xxwhere 1 f I and 2 g I , the root a q a has zero, and e e e , e / 0.1 1 1 2 1 2 1 2
In the case of superalgebras a restricted version of the above property
holds.
LEMMA 2.3. Let G be a GKM superalgebra. Let a and b be orthogonal
Ž .roots, both positi¤e or both negati¤e. Assume that when a resp. b is of
Ž .finite type, a resp. b has norm zero, and when a and b both ha¤e norm
zero and are not of finite type, they are both e¤en roots. Then the correspond-
ing root spaces commute.
w xProof. Let a and b be positive roots. The same arguments as in 4
Ž . Ž .show that we can assume a , a F 0, b , b F 0 for all i g I, a isi i
orthogonal to all the simple roots in the support of b , and b is orthogonal
to all the simple roots in the support of a . It follows that they either have
disjoint support or the same support.
If their supports are disjoint, then the corresponding root spaces com-
mute since all roots have connected support. So suppose that they have the
Ž . Ž .same support. It follows that a , a s 0 s b , a for all simple roots ai i i
in the support of a . If either a or b is of finite type, then a s b is simple
follows from the proof of Lemma 2.2. In this case the result holds by
definition of a GKM superalgebra. So assume neither a nor b is of finite
type. If either of them is simple, then again the result follows as before.
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Otherwise all the simple roots in the support of a and b must be of
positive norm. Therefore the Cartan matrix corresponding to these simple
Ž w x.roots is of affine type as defined in 8 and so a , b are roots of norm
zero, which are not of finite type, and thus are even by assumption. The
result is then a consequence of the fact that the even root spaces which are
not of finite type of an affine Lie superalgebra with symmetrizable Cartan
Ž w x w x.matrix commute see 8 and 9 .
We next prove a converse to Lemma 2.3.
LEMMA 2.4. Let a , b be roots of non-positi¤e norm, both positi¤e or both
Ž . Ž .negati¤e. Assume that when a resp. b has norm 0, a resp. b is not of
Ž . w xfinite type. Then a , b / 0 implies that for all x g G , y g G , x, y / 0,a b
Ž . Ž .unless a s b and y s R x, or b resp. a is odd, a s 2b resp. b s 2a ,
w x Ž w x. Ž . Ž Ž . .and y g R x, x resp. x g R y, y , or a , a s 0 resp. b , b s 0 and
w x Ž w x .x, x s 0 resp. y, y s 0 .
Proof. Suppose the result does not hold for the positive roots a s
Ý l a and b s Ý k a either of negative norm or of norm 0 andig I i i ig I i i
Ž .non-finite type, such that a , b / 0. Let e , x g G , e g G bea a ya ya
Ž . w x Žw x. wwsuch that e , e s 1 and e , x s 0. Therefore a e , x e s e ,a ya a ya a ya
x x Ž .x e s y a , a x, proving the result for b s a and for a s 2b.a
So suppose that b / a and 0 / e g G , e g G are such thatb b yb yb
w x Ž . w xe , e s 0 and e , e s 1. Hence e , e / 0, so that without lossa b b yb a yb
of generality, we may assume the root a y b to be positive. We may also
assume a and b to be both even roots and b to have minimal height in
Ž .W b. Hence b , a F 0 for all i g I.0 i
Claim. For all integers n G 0, a y nb is a root.
Suppose this is false and let n be the smallest integer for which
Ž .nŽ . Ž .Ž .nŽ .ad e e s 0. Then 0 s ad e ad e e implies thatyb a b yb a
b , n y 1 b y 2a s 0. 1Ž . Ž .Ž .
Ž . ŽŽ . Ž . . Ž . ŽŽ .From 1 , we get n y 1 b y a , n y 1 b y a s a , a , and n y 1 b
. Ž . Ž .y a , b s a , b , so that by Remark 2.1, n y 1 b y a is a positive root.
Hence n G 3 as by assumption a y b is positive. It follows that
w Ž .ny1Ž .x ŽŽ . .e , ad e e s 0. Furthermore n y 1 b y a , a / 0. Otherwisea b ya
ŽŽ . . Ž .n y 1 b y a , a y b ) 0, whereas a y b and n y 1 b y a are posi-
tive roots with non-positive norms, contradicting Remark 2.1.
Ž . Ž .Therefore either n y 1 b s 2a or n y 1 b y 2a is a root. If g s
Ž . Ž .n y 1 b y 2a is a root, as b , g s 0 and b is minimal in W b , b is0
orthogonal to the simple roots in the support of g , giving that b and
Ž .n y 1 b y 2a have the same support as their support is not disjoint.
Ž . Ž . Ž .Thus b , b s 0, and so 1 implies that a , b s 0.
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Ž .Hence n y 1 b s 2a . Suppose first that n is odd. Then n G 5 as / b
ŽŽ .Žny1.r2 .by assumption. So calculations imply that a ad e e e is ayb a b
Ž .Žny3.r2 Ž .Žny5.r2non-trivial multiple of ad e e . Therefore ad e e s 0,yb a yb a
1contradicting the minimality of n. Hence n is even. Set g s b , e sg2
Ž .n r2 Ž n r2 . Ž . w xad e e , and e s ad e e . So e , e / 0 and e , e s 0b ya yg yb a g yg g a
w x Žsince e , e belong to the Cartan superalgebra and n ) 2 otherwisea ya
. Ž .ny1b y a is positive, contradicting assumption . Thus, as ad e e is inyg a
Ž .ny3 Žthe Cartan superalgebra, as above ad e e s 0. This forces g ,yg a
1. Ž .mg y 2a s 0 for some integer m F n y 4. Since g s b and n y 1 b2
s 2a , this leads to a contradiction, proving that a y nb is a root for all
integers n G 0.
Therefore for large n, nb y a is a positive root which is not of finite
Ž .Ž .nŽ .type, and ad e ad e e s 0. Hence from the above, for large n anda b ya
all m g N, nb y ma is a root. So for all a , a in the support of a ,i j
nl y mk F 0 if and only if nl y mk F 0. Therefore k l s l k , andi i j j i j i j
Ž . Ž .b s k rl Ý l a s k rl a for some l / 0. It follows that for anyi i jg I j j i i i
integer r ) 0, if m s k r and n s l r, then nb y ma s 0 and is not ai i
w xroot, contradicting the above. Therefore e , e / 0.a b
Remark 2.4. As the following example shows, there may be odd roots a
of norm 0, which are not of finite type, but for which ’ x g G such thata
w x Ž w w xx .x, x s 0 in which case, x xy s 0 for all y g G . This is a consequence
of the fact that simple roots of non-positive norms may have multiplicity
greater than 1, and part of the root space may be odd and part of it even.
Hence we have excluded this case in the previous lemma.
Consider G s G9 with Cartan matrix
0 y1 0
,y1 2 y1ž /0 y1 0
 4 w w xxwhere I s 1 . Then both e , e g G since a s a and e e y s 01 1 3 a 1 3 1 11
Ž .nfor all y g G, and ad e e / 0 for all integers n G 0.3 2
Lemma 2.4 implies that GKM superalgebras with roots of finite type
having negative norm have finite dimensional derived superalgebras. In
fact, as the next corollary shows, the derived superalgebra can only be one
of three types.
COROLLARY 2.5. If the GKM superalgebra G contains roots of finite type
w xand negati¤e norm, then G9 s GG is a direct sum of finite dimensional Lie
Ž . Ž . Ž .superalgebras of type A m, 1 , B m, 1 , or D 2, 1, a for a ) 1.
Proof. Without loss of generality, assume that the Cartan matrix of G
is indecomposable. Let a be a positive root of finite type and negative
norm of minimal possible height. Since A is indecomposable, all simple
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roots belong to the support of a for otherwise there exists i g I for which
Ž .na q a is a root for all positive integers n. Furthermore a , a F 0 fori i
1all i g I. Let b / a , a , or 2a be a positive root either of norm 0 and not2
Ž .of finite type or of negative norm. Then, by Remark 2.1, a , b F 0. If
Ž .a , b / 0, by Lemma 2.4, na q b is a root for infinitely many integers n.
Hence
a , b s 0, 1Ž . Ž .
Ž .since a is of finite type. It follows that a , a s 0 for all a in the supporti i
of b and that a and b have the same support since for all i g I, a is ini
the support of a , giving a contradiction, as a has non-zero norm.
This implies that all roots of G are of finite type and that there are at
1Ž .most two positive roots of negative norm i.e., a and 2a , or a and a . As2
the support of a contains all siomple roots, G has finitely many simple
roots. By Lemma 2.2 all the positive norm root spaces have dimension 1,
and the norm 0 root spaces have the simple odd norm 0 root spaces. There
is a gradation of G s [ G given by deg G s i. It follows thatsg Z s a i
s ‹ dim G is bounded by a polynomial in s and thus has finite growths
Ž w x . w xsee 5 for definition . So by 9 , G9 is a finite dimensional classical Lie
superalgebra. Since G has a root of negative norm, the result follows.
Lemma 2.4 also implies that the roots of G which are not of finite type
are of infinite type.
PROPOSITION 2.6. All roots of G are either of finite or of infinite type.
Proof. Let a be a positive root of G which is not of finite type. By
< <Lemma 2.2, a has non-positive norm. As a is not of finite type, I ) 1.
1Ž .  4Let b be a root for which a , b - 0 and b f a , 2a , a .2
We show that a q b is a root unless a y b is a root and b has norm 0
and is of finite type. When b has positive norm, a q b is a root by the
finite dimensional representation theory of sl . When b has norm 0 and is2
of finite type, if a y b is not a root, then clearly a q b is a root. The
other cases follow from Lemma 2.4.
Ž . Ž .Furthermore na q b , na q b s 0 if and only if a , a s 0, n s 1,
Ž . Ž . Ž . Ž .b , b ) 0, and 2 a , b q b , b s 0. However, in this case, r a s a q
b , where r is the reflection corresponding to b , so that a q b is of
Ž .infinite type. Therefore, as for any positive integers n, a , na q b - 0,
by induction na q b is a root for all positive integers n.
In particular, it follows that if a and b are positive roots of infinite type
which are not orthogonal, then na q b is a root for all integers n G 0,
1 4unless b s a , a , 2a and dim G s 1.a2
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Remark 2.5. Lemma 2.4 and Proposition 2.6 hold for the finite dimen-
sioal classical Lie superalgebras listed above. For the affine Lie superalge-
bras, as in the finite dimensional case, all roots are of finite type and in the
affine case the only roots a of infinite type have norm 0 and a q b is a
root for any root b.
3. A CHARACTERIZATION OF GKM SUPERALGEBRAS
We keep the notation of the previous section. In general, if G is a GKM
algebra and v is the Cartan involution, then the contravarient bilinear
Ž . Ž Ž ..form x, y s y x, v y is positive definite on the root spaces. Borcherds0
Ž w x.showed that this property characterizes GKM algebras see 1 . More
precisely, he showed that a Lie algebra G is a GKM algebra if G satisfies
Ž . Ž .the following conditions: i G is graded; ii G has an involution v such
Ž . Ž .that v G s G and v is y1 on G ; iii G has an invariant, symmetric,i yi 0
Ž . Ž .bilinear form ?,? , invariant under v, such that G , G s 0 unless i q ji j
Ž . Ž . Ž Ž ..s 0; and iv the contravariant form x, y s y x, v y is positive0
definite on G for all i / 0.i
Let L be a Lie superalgebra. Then the involution v has to be replaced
by an automorphism v of period 4 and not of order 2 in order to satisfy
eiŽ . Ž . Ž . Ž . Žii . It is given by v e s y y1 f and v f s ye for all i g I seei i i i
w x. Ž .7 . By definition, a contravariant form ?,? is a form satisfying0
Žw x . Ž .deg g deg xŽ w x.g, x , y s y y1 x, g, y . When G is a Lie algebra, v is an0
Ž . Ž .involution, so v x, y / x, v y . This is no longer the case for Lie superal-
gebras. So in order to have a contravariant form, v has to act on the first
term x and not on y. Let G be a GKM superalgebra and let i g I . Then1
Ž . Ž . Ž .e , e s e , f ) 0. So in order to define a bilinear form ?,? on G ini i 0 i i 0
the above manner, which is positive definite on the root spaces, we have to
set
x , y s y v x , y .Ž . Ž .
Ž . Ž . Ž Ž ..For example, ?,? is positive definite on A 0, n i.e., sl 1, n . Note that0
Ž .as ?,? is positive definite, it is symmetric on G and not super-symmetric.0
In fact apart from the Lie algebras, very few GKM superalgebras have the
property of having such a contravariant almost positive definite bilinear
form.
LEMMA 3.1. Suppose that G is a finite dimensional or affine GKM
superalgebra and that G is not a Lie algebra. If the abo¤e defioned bilinear
Ž . Žform ?,? is positi¤e definite on the root spaces of G with respect to the0
. Ž . Ž .Cartan decomposition gi¤en in Section 2 , then G is of type sl 1, n , osp 1, 2n ,
Ž1.Ž .or osp 1, 2n .
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Proof. We keep the notation of Section 1. It follows from the proof of
Proposition 3.2 that G has a unique simple odd root and that if a and b
are positive odd roots such that a y b is not a root, then a q b is also
Ž . Ž . Ž2.Ž .not a root. So G is not of type sl 2, n , osp 2m q 1, 2 , or osp 2, 2n as
they have two odd simple roots.
Ž2.Ž . Ž . Ž .G is not of type sl 1, 4 or D 2, 1; a a ) 1 as a q a and1 2
a q a are positive odd roots with the above property. G is not of type3 2
Ž . Ž .G 3 or F 4 : in both cases, a an da q 2a q a are positive odd roots1 1 2 3
with the above property.
Ž . Ž .G is not of type osp 2, 2n y 2 as a and a q 2 a q . . . a q a1 1 2 ny1 n
Ž .are positive odd roots with the above property. G is not of type osp 2m, 2
Ž2.Ž . Ž . Ž .or sl 1, 2n n G 3 as a q a q 2 a q ??? qa q a and a are1 2 3 my1 m m
positive odd roots with the above property.
Ž4.Ž .G is not of type sl 1, 2n q 1 for otherwise G has an odd root of
norm 0 and infinite type, contradicting the proof of Proposition 3.2. This
Žproves the lemma see list of GKM superalgebras of finite dimension or
.affine type in Section 1 .
Remarks 3.1. Note that the non-twisted affine Lie superalgebras
Ž1.Ž .sl 1, n do not have a positive contravariant form as defined above even
Ž .though the Lie superalgebras sl 1, n do. It is important to notice that we
Ž .want the bilinear form ?,? to be positive definite on the root spaces and0
Ž . Ž .not on the whole of G. The difference between osp 1, 2n and sl 1, n is
Ž .that in the first case ?,? is not positive definite on G, whereas it is in the0
Ž . Ž .second case. Indeed sl 1, n has roots of norm 0, whereas osp 1, 2n does
w x Ž .not. Keeping the notation of 8, 9 and Section 1, the root u of sl 1, n of
maximal height has norm 0. Therefore the simple root vectors e and f of0 0
Ž1.Ž . Ž Ž . .sl 1, n are defined as follows: let F g G be such that v F , F s0 u 0 0
Ž . Ž Ž . . Ž .1r u , a and not as v F , F s 1r u , u as usual since u has norm 0.1 0 0
w xSo we get F s i e , e and we have to take C as our ground field. Then0 1 2
Ž . y1E s v F and e s t m E and f s t m F . Then for example, when0 0 0 0 0 0
Ž1.Ž .n s 2, we get that sl 1, 2 has matrix
0 y1 1
y1 2 y1ž /1 y1 0
with roots a , a , a and root vectors e , e s 1 m E , e s 1 m E ,0 1 2 0 1 1 2 2
Ž .where E and E are generators of sl 1, 2 . It follows from the above that1 2
ww xw xx Ž .x s e , e e , e s yit m E , so that x, x s y1.0 1 1 2 1 0
PROPOSITION 3.2. Suppose G is a Lie superalgebra with indecomposable
Cartan matrix, which is not a Lie algebra. If G satisfies the following
properties, then the kernel K of the bilinear form is contained in the centre of
Ž . Ž . Ž1.Ž .G, and GrK is of type sl 1, n , osp 1, 2n , or osp 1, 2n .
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Ž . Ž .1. G is graded: G s [ G , G F G , G s G [ G , and Gi 0 0 i i 0 i 1 iig Z
has finite dimension if i / 0.
2. G has an automorphism v of period 4 which is y1 on G , and0
which maps G to G , for all i g Z.i yi
Ž .3. G has an in¤ariant bilinear form ?,? in¤ariant under v such that
Ž . Ž Ž . .G , G s 0 if i q j / 0, and if x g G for some i / 0 then y v x , x ) 0i i
Ž Ž . Ž Ž . .i.e., the bilinear form x, y s y v x , y is positi¤e definite on G if0 i
.i / 0 .
Proof. The first part of the proof is an adaptation of the proof of
w xTheorem 3.1 in 1 , which implies that G is a GKM superalgebra and that
Žwe have v defined as above on the generators e and f . To show thati i
Ž . Ž .2 r, a y a , a is positive for every non-simple positive root a of G, use
w x .Proposition 2.7 in 7 . We may assume that I / B. Let b be an odd root1
w xof G of infinite type. By Lemma 2.2, e , e / 0 for 0 / e g G . There-b b b b
Žw x w x. Ž .Ž .2fore e , e , e , e s 2 b , b e , e . Hence all odd roots of G areb b b b 0 b b 0
of finite type.
Let i g I and a be a root for which a y a is not a root and1 i
Ž . w xa , a - 0. Then e , e / 0 for 0 / e g G , andi a i a a
eaw x w xe , e , e , e s y y1 a , a e , e . 1Ž . Ž . Ž . Ž .Ž .a i a i i a a0 0
Ž .So if a is an odd root, then a , a s 0. In particular, a s 0 fori i j
i / j g I . As A is indecomposable, it follows that there is a unique simple1
odd root a .1
Suppose there is a positive root a of infinite type. Then a is even. If
Ž .a ,a - 0, then a q a is a root of non-positive norm. As G has no odd1 1
roots of infinite type, a q a must have norm 0 and be of finite type.1
ŽHence by Lemma 2.2, there exists an element w g W for which w a q0
.a s a , so that wa s a y wa . However, for all r g W , ra and ra1 1 1 1 0 1
are positive roots, giving a contradiction. Hence for all roots b of infinite
Ž .type, b , a s 0.1
Ž .Assume that a , a F 0 for all j g I. If there exists j for whichj
Ž .a , a - 0, na q a is a root for all integers n G 0. For large n, b s naj j
Ž .q a is of infinite type. So for k / j g I for which a / 0, mb q a is aj jk k
root for all integers m G 0. Hence as A is indecomposable, by induction,
Ž .there exists an odd root of infinite type. So a , a s 0 and all simple roots
of G are in the support of a . So the only possible roots of infinite type are
even of norm 0. It follows from Lemmas 3.16, 3.17, and 3.18 that G is of
w xfinite growth. Hence by 9 , G is finite dimensional or affine. Therefore by
Lemma 3.1, G is as stated in the proposition.
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So a characterization in terms of an almost positive definite contravari-
ant bilinear form applies to a very restricted class of Lie superalgebras.
Hence we need a different characterization. This is given by the next
theorem.
THEOREM 3.3. Any Lie superalgebra G satisfying the following conditions
is a direct sum of a GKM superalgebra, finite dimensional simple Lie
Ž . Ž . Ž . Ž . Ž . Ž .superalgebras of type A m, n , B m, n , C n , D m, n , D 2, 1; a , F 4 , or
Ž .G 3 , and affine Lie superalgebras with symmetrizable Cartan matrix.
1. G has a self-centralizing e¤en superalgebra H, G is the direct sum of
eigenspaces of H, and all the eigenspaces are finite dimensional. A root of G is
Ždefined to be a non-zero eigen¤alue of H roots belong to the dual space of
.H .
Ž .2. There is a nondegenerate in¤ariant supersymmetric bilinear form ?,?
defined on G.
Ž .3. There is an element h g H such that C h s H and there exist onlyG
< Ž . < Žfinitely many roots a of G with a h - r for any r g R such an element h
. Ž . Ž Ž . .is called a regular element . If a h ) 0 resp. a h - 0 , a is called a
Ž .positi¤e resp. negati¤e root.
4. All roots are either of finite type or of infinite type.
Ž .5. Let a and b be orthogonal positi¤e resp. negati¤e roots of infinite
w xtype or of norm 0. If x g G and x, G s 0 for all roots g for whicha yg
< Ž . < < Ž . < w x0 - g h - a h , then x, G s 0.b
We spend the rest of this section pro¤ing Theorem 3.3. The Lie superalgebra G
will denote a superalgebra satisfying the conditions of Theorem 3.3. For any
Žsubspace U of the Lie superalgebra G, we will write U for U l G i s 1 ori i
.2 , i.e., for the e¤en and odd parts of U. Let h g H be a fixed regular element.
If x is a homogeneous element of G in the root space of a g D, then we define
Ž .the degree of x to be deg x [ a h . This gi¤es a gradation of G: G s [ G .rr g R
Let r g R be a gi¤en real number, and L and M be the Lie sub-superalgebra
< < < <of G generated by the subspaces G for s - r and s F r, respecti¤ely.s
Assume that L is either a GKM superalgebra or a finite dimensional or affine
Lie superalgebra of the type stated in Theorem 3.3. We show that M is also of
one of the abo¤e types.
 4LEMMA 3.4. There exists a set of linearly independent elements e andi ig I
 4 Ž . Ž . Ž .f in M, satisfying e , f s d and e , e s 0 s f , f for all i, j,i ig I i j i j i j i j
such that together with a basis of H, they generate M as a Lie superalgebra.
Ž .Proof. Due to Condition 1, ?,? is nondegenerate on G, and if a and b
Ž .are roots of G then G , G s 0 unless a q b s 0. Thus in particulara b
Ž .?,? is nondegenerate on H since H is self-centralizing. If L is a GKM
LIE SUPERALGEBRAS 421
Ž . Žsuperalgebra, Lemma 2.1 forces the restriction of ?,? to the even resp.
.odd part of L to be nondegenerate. If L is a finite dimensional classical
w xor an affine Lie superalgebra, this follows from 6, 7 . Since H is an even
Ž . Ž . Ž . Ž .superalgebra, G s G [ G . Let U s L l G , where i s 0 or 1,r r 0 r 1 r i r i
Ž .  Ž . Ž . 4this is similar for U . Set V s x g G : x, y s 0, ; y g L ; this isyr r i r i r
Ž . Ž . Ž .similar for V . Then G s U [ V .yr r i r i r i
Ž . Ž .Hence H leaves V invariant since for any x g V , y g L, z g H,r i r i
Žw x . Ž w x. w xz, x , y s y x, z, y s 0 since z, y g L.
Therefore for i s 0 and i s 1, there exists a linearly independent set of
Ž .  4elements in V of eigenvectors for H, which are orthogonal to L. Let er i j
Ž Ž . .be this set they form a basis for V . Furthermore there exists a linearlyr i
Ž .independent set of elements in G y L of eigenvectors of H, which isyr i
 4 Ž .  4dual to the set e with respect to ?, ? . We denote this set f . We thenj j
add these elements to the set of elements e , f already chosen asi i
Ž . w xgenerators as in Definition 2.1 of the derived Lie superalgebra L, L .
 4  4In the rest of the proof, e and f will denote fixed sets ofi ig I i ig I
generators, as described in the proof of Lemma 3.4. We denote by a thei
w xroot corresponding to e . Set h s e , f and h s h and let A be thei i j i j i i i
Ž .real matrix with entries a s h , h . We next show that the matrix A andi j i j
the above generators satisfy the conditions of Definitions 2.1 and that A is
symmetric.
LEMMA 3.5. The matrix A is symmetric.
Proof. This follows since H is an even superalgebra and the form is
supersymmetric.
w x w xLEMMA 3.6. h , e s a e , and h , f s ya f .i j i j j i j i j j
Proof. Since e is an eigenvector of H, there is some scalar c g R suchj
w x Ž . Žw x . Ž w x.that h , e s ce . Hence c s ce , f s h , e , f s h , e , f si j j j j i j j i j j
Ž . w xh , h s a . Similarly h , f s ya f .i j i j i j i j j
w xLEMMA 3.7. If i / j then h s e , f s 0.i j i j
Proof. If e , f g L, then this is true by assumption. So, assume thati j
e g V .i r
w xIf f g L, then e , f g G where s - r. Let x g G , so thatj i j s ys
Žw x . Ž w x. w xe , f , x s e , f , x s 0 as f , x g L and e is orthogonal to L byi j i j j i
w x Ž .definition. So e , f s 0 since ?,? is nondegenerate on G [ G .i j s ys
w w xxNow suppose that f g V . Hence h, e , f s 0. Thus since H is thej yr i j
w x Ž .centralizer of h in G, e , f g H. So since e , f s 0 by duality of thei j i j
 4  4 Žw x . Ž w x.sets e and f , for any z g H, e , f , z s e , f , z s 0. Therefore asi i i j i j
Ž .?,? is nondegenerate on H, h s 0.i j
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The case f g V and e g L is dealt with in a similar manner.j yr i
We next show that the conditions of Lemma 2.1 are satisfied by the
generators.
LEMMA 3.8. If the root a is of finite type, e , f g G and i / j, theni i i 0
Ž . Ž Ž ..1y2Žai j r aii.2 a ra is a non-positi¤e integer, ad e s e s 0, andi j i i i j
Ž Ž ..1y2Žai j r aii.ad f f s 0.i j
Proof. The elements e , f , h span a Lie superalgebra S isomorphic toi i i i
sl . By definition of finite type roots, G is a direct sum of finite dimen-2
w x w xsional irreducible S -modules. By what precedes, f , e s 0 and h , e si i j i j
a e . Hence applying the representation theory of sl to the irreduciblei j j 2
module spanned by e and to the irreducible module spanned by f , we getj j
the desired results.
LEMMA 3.9. If the root a is of finite type and non-zero norm, e , f g Gi i i 1
Ž Ž ..1y2Žai j r aii.and i / j, then a ra is a non-positi¤e integer, ad e e s 0, andi j i i i j
Ž Ž ..1y2Žai j r aii.ad f f s 0.i j
w x w w xx ww x xProof. We have e , e / 0, for otherwise 0 s f e , e s f , e e yi i i i i i i i
w w xx w x a w xe f , e s 2 a e . Hence E s e , e , F s y1r4 f , f , H si i i i i i i i i i 2 i i i i i
Ž . w x1ra h generate a Lie superalgebra S isomorphic to sl since E , F si i i i 2 i i
w x w xH , H , E s 2 E , H , F s y2 F . Again G is the direct sum of finitei i i i i i i
w x w xdimensional irreducible S -modules. Now F , e s 0 and H , e si i j i j
a ra e , so considering the irreducible S -module generated by e , we geti j i i j i j
that a ra F 0 and is an integer.i j i i
w w xx w x w xSuppose first that a / 0. Since f e , e s h , e s a e , e , e / 0.i j i i j i j i j j i j
w w xx w w xx Ž .w xSo F e , e s 0 as h s 0 for i / j, and H e , e s 1 q a ra e , e .i i j i j i i j i j i i i j
w xSo considering the irreducible S -module spanned by e , e , we geti i j
Ž .ya i j ra i iw x Ž .1y2Žai j r aii.ad E e , e s 0. This implies that ad e e s 0.i i j i j
w xSuppose next that a s 0. We therefore have h , e s 0. We alreadyi j i j
w xknow that F , e s 0. So the representation theory of sl gives us thati j 2
w x w x ww x xE ,e s 0. Hence 2 a e , e s f , E e s 0 since h s 0 for i / j.i j i i i j i i j i j
w xThus e , e s 0i j
1y2Ža r a .i j i iŽ .It can be shown in a similar manner that ad f f s 0.i j
w x w xLEMMA 3.10. If a s 0, then e , e s 0 s f , f .i j i j i j
Proof. If either a or a is of finite type and non-zero norm, then iti j
follows from Lemmas 3.8 and 3.9. Otherwise it is a direct consequence of
Condition 5.
We next show that M either is a GKM superalgebra or has finite
growth. By Lemma 3.10, without loss of generality, we may assume the
Cartan matrix A to be indecomposable and that a / 0 for all i. Thei, iq1
dimension of the root space M of M corresponding to a will be denoteda
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w w w xxxby mult a . If there is some x g M such that x s e . . . e , e , thenr i i i1 sy1 s
the height of x is defined to be s, and if a is the root corresponding to x,
 4then a is said to have support a , . . . , a and height s.i i1 s
ŽNote that a root may have different heights, as it may happen that only
part of a positive root space is generated by positive root spaces of smaller
.height.
If a is a root of finite type and non-zero norm, then as usual we can
define the reflection r corresponding to a . We will denote by W thea
group generated by the reflection corresponding to the roots a of finitei
type and non-zero norm.
LEMMA 3.11. If a is a root of G of norm 0, and e g G l G , f g Ga 0 ya
Ž . Ž .such that e, f s 1, then for any roots b of G such that a , b / 0, for any
Ž .n Ž .nx g G , either ad e x / 0 for all integers n G 0, or ad f x / 0.b
Proof. Let a , b , e, f , x be as stated in the lemma. Suppose there exists
Ž .na maximal non-negative integer n for which y s ad e x / 0. Then for all
Ž .mintegers m G 0, ad f y / 0. Otherwise there is a maximal integer m G 0
Ž .m Ž .Ž .mq 1 Ž .such that ad f y / 0. Hence ad e ad f y s 0, giving m a , a s
Ž . Ž .2 na q b , a and so a , b s 0, contradicting the assumptions. It follows
mŽ .that ad f x / 0 for all integers m G 0.
LEMMA 3.12. Let a be a root of infinite type. If a s 0 and e g G ,i i i 1 1
w xassume e , e / 0. Then for all k, l g I, a a G 0.1 1 jl jk
Proof. Assume first that a has norm 0 and is of infinite type, a - 0,1 1 j
nw x w x Ž .and a ) 0. Since f , e s 0 and e , e / 0 if e g G , e s ad e e1k 1 j 1 1 1 1 1 j
/ 0 for all integers n G 0. There exists very large n for which a s na q1
Ža has negative norm and is of infinite type otherwise the finite dimen-j
Ž . Ž .sional representation theory of sl implies that 2 a , a r a , a is an2 1
. Ž .integer , and a , a ) 0.k
Claim. a F 0.k k
Ž .n w xIf a ) 0, then ad e e / 0 for all integers n G 0 since f , e s 0 byk k k k
Lemma 3.7. Therefore g s na q a is a root for all integers n G 0. Forn k
Ž .large n, g , a ) 0 and so as a is of infinite type, g y sa is a root of Gn n
Ž .for all integers s G 0. Take n s a h m, where m ) 0 is very large. Then
Ž . Ž .Ž .for s s ma h q 1 g y sa h s 0, contradicting the definition of ak n
root.
Ž Ž . .Ž .Claim. For all non-negative integers s for which a y s y 1 a h )k
0, a y sa is a root of G.k
If a is of infinite type and non-zero norm, this follows from thek
Ž .definition. So suppose that a is of finite type or a s 0. Since a , a ) 0k k k k
and a is a root of infinite type, a y a is a root. Suppose that a y sa isk k
a root and is of finite type. Then the finite dimensional representation
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Ž . Ž .theory of sl implies that 2 a y sa , a r a y sa , a y sa is an inte-2 k k k k
Ž .ger, giving s s 1 and r a s a , where r is the reflection correspondingk
to a y a . Therefore as a is of finite type, a y a is of infinite type.k k k
Ž . Ž .Furthermore as a y sa , a ) 0 and a y sa , a y sa - 0, by induc-k k k k
Ž Žtion a y sa is a root for all non-negative integers s for which a y s yk
. .Ž . Ž1 a h ) 0 this restriction is necessary in case a is a root of norm 0k k
.and finite type .
Hence there exists an integer s for which g s a y sa and a y g arek k
Ž .positive roots of L of negative norm. Since g , a y g ) 0, by Remarkk
2.1, considered as roots of L, both g and a y g are of finite type. Hencek
Ž . Ž . Ž . Ž .2 g , g y a r g y a , g y a is an integer, and so g , g s a , a . Onk k k k k
Ž . Ž . Ž .the other hand, as a , a F 0, g , g / a , a , proving the lemmak k k k
when a s 0.11
When a - 0, the above arguments remain valid for a instead of a .11 1
COROLLARY 3.13. If for all e g M for which a s 0, a a G 0 for alli 1 i i i j i k
j, k, then M is a GKM superalgebra.
Proof. This is an immediate consequence of Lemmas 3.8, 3.9, 3.11, and
3.12.
LEMMA 3.14. Suppose there exists e g M with a s 0, a - 0, andi 1 i i i j
a ) 0. Then all roots a of M of non-zero norm are of finite type. If a s 0,i k j j j
w xthen e , e s 0.j j
Proof. Let a be a root of infinite type, and if a s 0 then let1 11
w xe , e / 0. Let i g I be minimal so that a s 0, a - 0, and a ) 01 1 i i iy1, i i j
Ž .for some j ) i g I. Set a s a q ??? qa .1 iy1
Claim. Both a and a q a are of infinite type.i
Ž .Suppose a q a , a q a ) 0. The proof of Lemma 3.12 implies that1 2 1 2
Ž .a q a is of finite type since a q a , a - 0. Also a ) 0 and thus1 2 1 2 3 22
Ž . Ž .a is of finite type. Therefore 2 a q a , a r a q a , a q a and2 1 2 1 1 2 1 2
Ž . Ž2 a ra are negative integers, so that 2 a ra s y1 and a q a ,12 22 12 22 1 2
. Ž .a q a s a , a .1 2 1 1
Ž .This contradiction shows that a q a , a q a F 0. So by induction,1 2 1 2
Ž .a , a F 0. Hence if a has non-zero norm, it is of infinite type since it is
Ž . Ž . Ž .nnot of finite type. Indeed as a , a - 0, if 0 / e g G , then ad e e / 0i a i
Ž .for all integers n G 0. When a , a s 0, a is also of infinite type: If
G l G , this follows from Lemmas 3.11 and 3.7. So suppose G - G . Leta 0 a 1
Ž . w x0 / e g G . Then 0 / e , e g G . If e g G , then by assumptionaya 1 a 1 11w x Ž .e , e / 0. Since a y a , a y a ) 0, a y a is of finite type of Lemma1 1 1 1 1
Ž . w w w xxx3.12, and so 2a q a y a , a y a G 0 shows that e e e , e / 0. If1 1 1 1 1
w w w xxxe g G , then by Lemma 3.11 e e e, e / 0. Hence 2a is an even root of1 1 1
G norm 0, and so a is not of finite type and must be therefore of infinite
type by Condition 4.
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Ž . ŽAs a q a , a q a - 0, a q a is of infinite type. Otherwise 2 a qi i i
. Ž . Ž .a , a r a q a , a q a is an integer, and so r a s ya , where r is thei i i i i
reflection corresponding to a q a . Therefore for all integers n G 0,i
Ž .na q a is a root of negative norm. For large n, na q a , a ) 0. Hencei i j
by the proof of Lemma 3.12, na q a is of infinite type for all large n,i
Ž . Ž .which cannot be since 2 na q a , a r na q a , na q a is not an inte-i i i i
ger for infinitely many n.
Ž .If a q a , a ) 0, then the arguments of the proof of Lemma 3.12 leadi j
Ž .to a contradiction. Hence a , a - 0. Therefore there exists 1 F k F i y 1j
such that a - 0. So by Lemmas 3.8, 3.9, and 3.12, as a ) 0, a s 0.k j i j j j
Ž . Ž .Since a q a , a q a ) 0 and a q a , a - 0, by Lemma 3.12, a qi j i j i j k i
Ža is of infinite type. Let r be the corresponding reflection, and b s r aj
. Ž . Ž .q a . Then b is of infinite type, b , b - 0 and b , a ) 0. Hencei j
Ž . Žb y a is a root of negative norm and as 2 b y a , b y a r b y a , b yj j j j
. Ž .a is not an integer, it is of infinite type. Hence b y a , a ) 0 impliesj j j
that b y 2a is a root. So by induction, b y sa is a root for allj j
Ž Ž . .Ž .non-negative integers s for which b y s y 1 a h ) 0. Let s be such3
Ž .Ž . Ž .Ž .that g s b y sa h ) 0 and g y a h - 0. Then both a and > yaj j j
Ž .are roots of L and as g , a y g ) 0, considered as roots of L, they arej
Ž . Ž . Žof finite type, giving a contradiction since g , g / a , a see proof ofj j
.Lemma 3.12 .
Hence if a has non-zero norm it is of finite type and if a s 0 then1 11
w xe g G and e , e s 0, proving the lemma.1 1 1 1
LEMMA 3.15. Suppose the condition of Lemma 3.14 holds. Then the roots
of M of infinite type ha¤e norm 0.
Proof. Let a be an infinite type positive root of negative norm.
Ž .Claim. If a is a root of M of negative norm, then a , a s 0.i i
Ž .Let a be a root of negative norm such that a , a / 0. By Lemmai i
Ž .3.14, a is of finite type, so considering the root r a if necessary, where ri i
Ž .is the reflection corresponding to a , we may assume that a , a ) 0. Asi i
in the proof of Lemma 3.12, we get that a y na is a root for all positivei
integers n. Therefore a is of infinite type, contradicting the assumptions.i
Ž .Claim. If a s 0, then a , a F 0.i i i
Otherwise as in the previous two proofs, a y na is a root for alli
Ž .positive integers n for which a y n y 1 a is a positive root. It follows asi
before that m s a y n , where the latter is negative, are both roots of L.a i
Ž .As m, a y m ) 0 and both m and m y a have negative norm, consid-i i
Ž .ered as roots of L, they are roots of finite type. However, m, m / 0 leads
to a contradiction as in Lemma 3.12.
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Ž .Suppose that a s 0, a ) 0, and a , a - 0.i i i j i
Claim. a s 0.j j
Suppose that a / 0. As a ) 0, by Lemma 3.14 a is of finite type andj j i j j
a - 0.j j
If a y a is not a root, then na q a is a root of negative norm for alli i
Žintegers n G 0. For large n, na q a is of infinite type. Hence na qi
.a , a / 0, contradicting the above.i j
ŽSo a y a is a root and a is of finite type. Suppose that a y a , a yi i i
. Ž .a / 0. If a y a , a - 0, then na y a is a root of infinite type andi i i
Ž .negative norm for large n, and so na y a , a / 0 contradicts the above.i j
Ž . Ž .Hence a y a , a G 0 and a y a , a y a ) 0. So what precedesi i i
Ž .implies that a y a is of finite type since a y a , a - 0. It follows thati i i
Ž . Ž . Ž2 a y a , a r a y a , a y a is a non-negative integer, and so a yi i i
. Ž .a , a s 0 for otherwise a , a s 0, contradicting the assumptions. There-i
Ž .fore 2a y a is a root. Furthermore 2a y a , a - 0, so that 2a y a yi i j i
a is a root of positive norm, since a is a root of finite type and negativej j
Ž .norm. Hence a , 2a y a y a - 0 implies that na y a y a is a rooti j i j
for all integers n G 2. For large n it is a root of infinite type and negative
Ž .norm. Hence from the above na y a y a , a s 0 givesi j j
a q a s 0. 1Ž .j j i j
Furthermore, for n s 2 and 2a y a is a root, 2a y a y 2a is a root ofi i j
positive norm and again na y a y 2a is a root for all integers n G 2,i j
Ž .contradicting 1 .
Ž . Ž .Therefore a y a , a y a s 0 and so a y a , a - 0. Also g s a yi i i
Ž .a y a is a root of positive norm and g , a - 0. Hence from the above,i j i
Ž . Ž .g is a root of finite type. On the other hand, 2 g , a y a r g , g is not ani
integer.
This implies that a s 0.j j
Ž .Claim. a , a s 0.i
Now a q a is a root of positive norm. If a q a is of finite type, let ri j i j
Ž . Ž .be the corresponding reflection. As a , a q a - 0, r a is a positivei j
Ž Ž . .root of infinite type and negative norm. However r a , a q a ) 0i j
Ž Ž . . Ž Ž . .implies that r a , a ) 0 or r a , a ) 0, contradicting the above.i j
Hence a q a is a root of infinite type. In this case, there exists ani j
element w s r . . . r , where the reflections r correspond to roots aj j j j1 n i i
Ž Ž . . Žof negative norm such that w a q a , a G 0 for all k g I. Since a ,i j k ji
. Ž . Ž . Ž Ž . . Ža s , w a s a , so that a q a , a s w a q a , a G 0. Hence a ,i j i j
.a s 0.i
We may choose a to be of minimal height in W a , where W is the0 0
group generated by all the reflections corresponding to roots a of positivei
norm.
LIE SUPERALGEBRAS 427
As the Cartan matrix of M is assumed to be indecomposable, there
exists a root g s Ý k a , where for all i g I, k is a non-negativeig I i i i
Ž .integer, such that if k / 0, a G 0, and a F 0 for all j g I, g , a - 0,i i i i j
Ž .and g , a - 0 for some root a of norm 0 for which there exists j g Ii i
Ž .such that a ) 0. As g , a / 0, from the above g is not a root of infinitei j i
type and negative norm. It follows from Corollary 3.13 that the Lie
superalgebra generated by e , f for which k / 0 is a GKM superalgebra.i i i
Ž . Ž .Hence g , g G 0. If g , g ) 0, type and negative norm, where r is the
Ž Ž . . Ž .reflection corresponding to g . Therefore r a , a implying g , a s 0.i i
Ž .This contradiction shows that g , g s 0. If b s g q a , then b is a rooti
Ž .of M and b , a - 0. Then Condition 4 implies that na q b is a root for
all positive integers n. For n large enough, these roots are of infinite type
Žand have non-zero norm. Therefore by what precedes for large n, na q
. Ž .b , a s 0, which leads to the contradiction a , g s 0. So all infinite typei
roots of M have norm 0.
LEMMA 3.16. If the conditions of Lemma 3.14 hold, then all non-zero
norm root spaces of M ha¤e dimension 1.
Proof. Let a be a root of M of non-zero norm. Without loss of
generality, we assume that a is even, i.e., M - M .a 0
Ž . w xLet e g M , f g M be such that e , f s 1, h s e , f . Since,a a a ya a a a a a
by Condition 1, dim H - ‘ and dim G - ‘, the definition of roots ofa
² : Ž .finite type implies that the e , f , h -module V s H [ [ M isa a a cacg Z-04
w x finite dimensional. As for all ¤ g M , h , ¤ s 2c¤ and dim ¤ gca a
w x 4V : h , ¤ s 0 s 1, the finite dimensional representation theory of sla 2
² :implies that V is an irreducible e , f , h -module. Therefore dim M sa a a a
1.
LEMMA 3.17. If the conditions of Lemma 3.14 hold, then all root spaces
< <of M ha¤e dimension at most I .
Proof. By Lemma 3.16, we only need to show this for roots of norm 0.
w xLet a be a root of M of norm 0. By Condition 5, e , x s 0 if a hasi i
norm 0 and x g G .aya i
Ž .Case 1. a , a s 0 for all j g I.j
M has basis elements x for which there exists a root a of non-zeroa j j
w xnorm, and some element e g M , such that x s e , e . Itaya aya j j ayaj j j
follows that a y a has non-zero norm. Hence as dim M s 1 byj aya j
Lemma 3.17, the result follows for M .a
Ž .Case 2. There exists i g I for which a , a / 0.i
w xLet b s a y a be a root of M such that M , M / 0. As above, bj a bj
and a may be assumed to be roots of positive norm. If a is a root ofj i
Ž . Ž .negative norm, then a , a s b , a s 0. Otherwise, as both b and aj i i
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are of finite type, by induction and the representation theory of sl ,2
b q na is a root of M for all integers n, contradicting the definition ofi
Ž . Ž .a . Therefore a , a s 0 for all roots a of negative norm. Hence a , ai i i i
/ 0 implies that a G 0. If a s 0, then either g s a q a or a y a is ai i i i i i
root of M of non-zero norm and so is of finite type. If r is the correspond-
Ž .ing reflection, then r a s ya or a . So in this case, dim M s dim M ,i i a a i
again proving the result for a .
Ž .Hence assume that a , a s 0 if a s 0. Then we may choose a to bei i i
of minimal height in W a , where W is the group generated by all the0 0
Ž .reflections corresponding to roots a of positive norm. Hence a , a F 0i i
Ž .for all i g I. Therefore a , a s 0 for all i g I and we are back in Case 1.i
LEMMA 3.18. If the conditions of Lemma 3.14 hold, then M is a
contragredient Lie superalgebra of finite growth.
Proof. The Lie superalgebra M has a Z-grading M s [ M givennng Z
Ž . Ž .by setting the elements e resp. f , i g I to have degree 1 resp. y1 . Iti i
follows from Lemma 3.17 that
< <I q i y 1< <dim G F I ,n ž /i
< I << <Ž < < . Ž w x.i.e., dim G F I I q i , and therefore G is of finite growth see 5 .n
We can now conclude the proof of Theorem 3.3
Proof of Theorem 3.3. Any abelian algebra is a GKM superalgebra
according to Definition 1. Therefore, since for any real number r, there
< <are only finitely many roots a with a - r, repeating the above argument
a countable number of times, we can conclude that G is the direct sum of
a GKM superalgebra and of contragredient Lie superalgebras with sym-
metrizable Cartan matrix of finite growth. The result follows from the list
of contragredient Lie superalgebras with symmetrizable Cartan matrix of
w xfinite growth in 9 .
Remark 3.2. Defining infinite type positive roots a simply as roots for
which the a-chain through any other positive root b is either of length
zero or infinity is not enough. Indeed these also give rise to contragredient
Lie algebras with Cartan matrices of type
2 y1ž /y1 3
where a would be of finite type in the sense of condition 4, and a1 2
would be of infinite type in the sense of this definition. This larger class of
Lie algebras does not seem to have enough structure.
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So the definition of infinite type roots in the theorem forces a F 0i j
when a F 0 and the simple root a is of infinite type.i i i
EXAMPLES. 1. Let G be a GKM superalgebra as defined in Section 1
with finite dimensional Cartan superalgebra H and non-degenerate invari-
ant supersymmetric bilinear form. Since thematrix A cannot have any zero
columns, Lemma 3.5 implies that condition 5 holds and condition 4 holds
by Proposition 3.8. Other conditions are easily seen to hold.
Ž .2. The finite dimensional classical Lie superalgebras of type A m, n ,
Ž . Ž . Ž . Ž w x.B m, n , C n , and D m, n clearly satisfy the theorem see 6 .
3. The affine Lie superalgebras satisfy the theorem as all their
Ž w x.infinite type roots are of norm 0, and Condition 5 holds for them see 9 .
Ž w x.4. Unlike the GKM algebra case see 1 , the GKM sub-superalge-
bra of a GKM superalgebra fixed by a group of diagram automorphisms is
not in general a GKM superalgebra. For example, let G be a GKM
superalgebra with Cartan matrix
2 y2ž /y2 2
with both simple roots odd. Hence there is a diagram automorphism of
order 2. With the usual notation, ¤ s e q e is a root vector in the fixed1 2
w xsub-superalgebra L, and ¤ , ¤ / 0, whereas ¤ corresponds to a simple odd
root of norm zero of L.
However, the following restricted version may be proved.
COROLLARY 3.19. Let G be a GKM superalgebra with a finite dimensional
Cartan subalgebra H. Let V be a finite group of diagram automorphisms of G
Ž w x.see 1 . Assume that the standard form on G is nondegenerate and that when
Ž2.Ž .the Cartan matrix of G has a principal submatrix of affine type C n q 1 ,
n G 1, all elements of V act tri¤ially on the corresponding sub-superalgebra.
Then the sub-superalgebra GV of G of elements fixed by V is a GKM
superalgebra.
Proof. We keep the notation of Section 2 for the GKM superalgebra
G. Let V be a finite set of permutations of I, keeping the Cartan matrix
invariant. Then for all f g O, f gives rise to an automorphism of G,
uniquely defined by: e ‹ e , f ‹ f . This automorphism maps H to Hi f i i f i
and hence induces a bijection of H*. For simplicity, we keep the same
notation V and f for the corresponding group and automorphism on H*.
w xFor an explicit description of the action of f on H, see 13 .
Set
V  4G s x g G : f x s x , ;f g V ,
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and
V V  4H s H l G s x g H : f x s x , ;f g V .
Ž .Claim. We may assume there exists h g H for which C h s H.G
Ž .Suppose for all h g H, C h / H. Consider the outer derivation D ofG
w x w xG defined by D, e s ie for all i g I and D, h s 0 for all h g H. Seti i
H e s H m R D. The extended Lie superalgebra Ge s R D = G is a GKM
superalgebra with Cartan subalgebra H e and root spaces contained in the
root spaces of G. The standard bilinear form on Ge is non-degenerate.
Otherwise, as it is non-degenerate on G by assumption, there would be
Ž . ea, b g R, h g H such that ah q bh, h9 s 0 for all h9 g H . This would0
Ž .imply that C h s H, contradicting assumption. Furthermore as for allG
Ž . Ž e. e Ž e.Vf g V, f H s H and f H s H , if G is a GKM superalgebra, so
is GV.
So without loss of generality, we assume there is an element h g H such
Ž .that C H s H. By Remark 2.2 and the proof of Theorem 3.3, we mayG
Ž .also assume that a h ) 0 for all i g I.i
Ž .Let ?,? be the standard form on G. By assumption, it is nondegenerate
V Ž .on G. Let x g G . Then there is some y g G such that x, y s 1.
Ž Ž .. Ž Ž .. < <Therefore for any f g V, 1 s x, f y , so that x,Ý f y s Vf g V
Ž . Vsince V is finite. Thus the restriction of ?,? to G remains nondegener-
Ž . Vate, and so condition 1 of Theorem 3.3 holds in G .
The superalgebra GV is the direct sum of eigenspaces for H V and is
generated by all elements Ý x, x g G. For all h g H V , a g D, the setf g V
of roots of G, and e g G ,a a
h , f e s a h f e . 1Ž . Ž .Ý Ýa a
fgV fgV
Hence the roots of GV are restrictions of roots of G to H V. We denote by
l the restriction of l g H* to H V. As the root spaces of G are finitev
dimensional, it follows that the root spaces of GV are finite dimensional.
Furthermore since H V F H and dim H - ‘, dim H V - ‘. Set
hv s f h .Ž .Ý
fgV
Then hV g H V since V leaves H invariant. As for all positive root a and
Ž . Ž Ž .. Ž . w v xall f g O, f a is a positive root, a f h ) 0. So by 1 , h , x s 0 for
V V < Ž V . <x g G implies that x g H , and for r g R and a g D, a h - r
< Ž . < Ž . Ž .forces a h - r. Therefore conditions 2 and 3 of Theorem 3.3 hold in
V Ž .G since condition 3 is satisfied by G.
LIE SUPERALGEBRAS 431
Let n be the bijection from H to H* induced by the standard form on
Ž . Ž V . vG. We denote by ?, ? the bilinear form induced on H * and by n thev
V Ž V . Ž . Vbijection from H to H * induced by the restriction of ?,? to H .
Ž V .  4Clearly H * s l : l g H* , and for all a g H*,v
1
v y1a s n fn a .ÝV ž /< <V fgO
Hence
1
a , b s a , fb . 2Ž . Ž .Ýv v v ž /< <V fgV
Claim. The roots of G are either of finite type or infinite type asV
defined in condition 4 of Theorem 3.3.
Suppose that a has positive norm. Since the height of fa equals theV
Ž . Ž Ž ..height of a , f a y a is not a root unless a s fa . Hence a , f a F 0
Ž .unless a s f a . It follows that a has positive norm, and by Lemma 2.2 it
is conjugate to a simple root under the action of the group W of G0
generated by the simple reflections. By assumption there are only finitely
many simple roots. So the norms of the roots of G are bounded above.
Thus the norms of the roots of GV are bounded above as the group V is
finite.
Let b be any root of GV. Then for large n, na q b and yna q bV V V V V
have increasing positive norm, so the above implies that na q b is aV V
root for only finitely many integers n. Therefore a is of finite type in theV
sense of condition 4 of Theorem 3.3.
Suppose next that the root a has negative norm. If a has negativeV
norm and is of finite type, then by Corollary 2.6, the derived superalgebra
w V V xG9 is finite dimensional. Hence so is G , G . It follows that a is ofV
finite type. So assume that if a has negative norm, then it has infinite
Ž . Vtype. Let a , b - 0 for some root b of G , distinct from a andV V V V V
2a . We show that a q b is a root of GV.V V V
Ž Ž ..There exists f g V for which a , f b - 0. As a has positive norm,
Ž .or a has negative norm and is of infinite type, a q f b is a root of G by
Lemma 2.4 or the foinite dimensional representation theory of sl . There-2
Ž Ž . Vfore a q b s a q f b is a root of G .V V V
Furthermore if a is positive, as a has negative norm, there is someV
Ž . Ž Ž ..simple root a for which a ,Ý a - 0. Hence a , f a - 0 fori f g V i i
Ž .some f g V. If either a or a has positive norm, then a q f a is a rooti i
of G. If a has negative norm and is of finite type, and a has non-positivei
Ž .norm, then by Lemma 3.6, a q f a is again a root of G. It follows thati
Ž . Va , a - 0 and a q a is a root of G .V iV V iV
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Therefore all roots of GV are either of finite or of infinite type.
Claim. Condition 5 holds in GV.
Let a and b be orthogonal positive roots of GV of infinite type.V V
V Ž .Any root of G is the linear combination of simple roots a . We cani V
assume using similar arguments as in the proof of Lemma 2.3 that
Ž . Ž .b s Ýk a and a s Ýl a , where the scalars k and l are non-V i i V V i i V i i
 4  4  4negative integers, and either i : k / 0 l i : l / 0 s B or i : k / 0 si i i
 4i : l / 0 . In the first case, for all c g V, the support of ca and b arei
w x  4  4disconnected, so that G , G s 0. So assume i : k / 0 s i : l / 0 .a c Ž b . i i
Thus
a , a s 0 s b , a 2Ž . Ž . Ž .V iV V iVV V
for all i for which k / 0. Hencei
a , f a s 0 s b , f b 3Ž . Ž . Ž .Ý Ýž / ž /
fgA fgA
and
a , f b s 0 s b , f a . 4Ž . Ž . Ž .Ý Ýž / ž /
fgA fgA
Ž .Suppose first that a , a s 0.
Ž . Ž Ž . . Ž Ž . .By 3 , f a , a s 0 for all f g V. It follows that f a , a F 0 fori
Ž .all f g V and for all i g I. Otherwise a , a ) 0 for some i g I. So byi
Ž . Ž . Ž .2 , there exists c g V for which a , ca - 0. Since ua , a s 0 for alli
Ž .u g V, there exists w g W for which wua , a F 0 for all u g V, j g I.j
Ž .So wa , wca - 0 implies that wca is a positive root. Thereforei i
Ž .wca , wca F 0, contradicting the definition of a .i i
Ž . Ž .So by 2 , a , a s 0 for all i g I, and we may conclude that either a isi
a simple root or its support is of affine type. Moreover for all f g A,
either a s fa or they have disjoint supports, in which case for a s
Ý k a ,ig I i i
if k k / 0, then a , fa s 0. 5Ž .Ž .i j i j
Ž . Ž . Ž .If b , b s 0, then by 3 , a , fb s 0 for all f g A, so that from
w xLemma 2.3, G , G s 0 unless a is an odd root, b is a multiple of a ,a fb
Ž4.Ž .and their support is of A 0, 2n type. However, in this case, as the
identity is the only diagram automorphism of the affine Lie superalgebra
Ž4.Ž . Ž . w x Žw x. w Ž .A 0, 2n , by 5 , for all x, y g G , Ý f x, y s Ý f x ,a f g A f g A
Ž .xÝ f y .f g A
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Ž . Ž .Suppose next that a , a s 0 and b , b ) 0.
Ž .  4By 3 , there exists f , f , g V such that for all cb f f b , f b , b ,1 2 1 2
Ž . Ž . Ž .cb , b s 0. If fb s f b s f b , then b , fb s y b , b . Otherwise1 2
1Ž . Ž .b , f b s y b , b .i 2
Therefore there exists a root of norm 0, b s b q fb , or Ýr f b0 iso i
1Ž Ž . Ž .f g V, f s 1, f b , f b s y b , b , 0 F i F r y 1, andi 0 i iq1 2
Ž . .f b , b s 0 . As above, the supports of a and of b are of affine type,r 0
Ž .and by 3 , the supports of a and cb for all c g V are either disjoint or0
w xthe same. If they are disjoint, then G , G s 0. If they are the same,a cb
then the affine Lie superalgebra X generated by the support of b has a0
non-trivial diagram automorphism. It follows that X is of type AŽ1., C Ž1.,l l
Ž1. Ž1. Ž1. Ž2. Ž2.Ž . Ž2.Ž . Ž2.ŽD , E , E , D , or A 0, 3 , or C n q 1 . If X is of type C n ql 6 7 lq1
.1 , we get a contradiction since by assumption the restriction of f to X is1
trivial. When X is an affine Lie algebra, condition 5 holds as the subalge-
bra of X left fixed by a finite group of diagram automorphisms is a GKM
Ž w x.algebra see 1 .
Ž2.Ž .So we only need to check the case when X is of type A 0, 3 . Its
Cartan matrix is then
2 y1 0
,y1 1 y1ž /0 y1 2
 4where I s 2 . Hence its group of diagram automorphisms has order 2.1
Let e , i s 1, 2, 3 be corresponding simple root vectors, where f e s ei 2 2
and f e s e . The root d s a q 2a q a has norm 0 and is the positive1 3 1 2 3
root of norm 0 of minimal height. Without loss of generality, b s nd q
w xa q a . Let u s e , e . Then1 2 1 2
1 2 nX s R¤ for some ¤ s e e . . . e , u ,b d d d
i Ž . Ž .where e X , the d root space of X. Also a q a q f a q a s d .d d 1 2 1 2
Hence as a s md for some integer m ) 0,
1 2 my1w xX s R K [ R w , f w for some w s x x . . . x , ua d d d
i Ž .with x X , where K is the kernel of ad w and ad f w in G . Therefore asd d a
w xG , G s 0 for all positive integers s, t, for all y g K ,sd td
w Ž . Ž .xÝ c y ,Ý c ¤ s 0. Furthermore we may assume thatc g V c g V
i ie s e s x s u , fu .Ž .d d d
Ž . Ž . w Ž . xSo f e s e together with f e s e gives u q fu s e q f e , e .d d 2 2 1 1 2
Ž .Hence Ý c ¤ belongs to the Lie sub-superalgebra generated by rootsc g V
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of GV of height strictly smaller than that of a . So the same holds forv
Žw x.Ý c w, f w , and there is no orthogonality relation to be checked forc g V
Ž . Žw x.the elements Ý c ¤ and Ý c w, f w .c g V c g V
Finally, suppose that both a and b are positive. Then from the above
we again only need to check the case when the support of b is of type0
Ž2.Ž .A 0, 3 . From what precedes, for all x g G , y g G , eithera b
w Ž . Ž .x Ž . Ž Ž ..Ý c x ,Ý c y s 0 or Ý c x resp. Ý c y belongs toc g V c g V c g V c g V
a Lie sub-superalgebra generated by roots of GV of height strictly smaller
Ž .than that of a resp. b .v v
Therefore Condition 5 holds in GV , proving the corollary.
ACKNOWLEDGMENTS
The author thanks Professors R. Borcherds, V. Kac, and O. Mathieu for many useful
discussions, the I.H.E.S. for its hospitality, and the referee for his very useful comments.
REFERENCES
Ž .1. R. E. Borcherds, Generalized Kac]Moody algebras, J. Algebra 115 1988 , 501]512.
2. R. E. Borcherds, Central extensions of generalized Kac]Moody algebras, J. Algebra 140
Ž .1991 , 330]335.
3. R. E. Borcherds, Monstrous moonshine and monstrous Lie superalgebras, In¤ent. Math.
Ž .109 1992 , 405]444.
4. R. E. Borcherds, A characterization of generalized Kac]Moody algebras, J. Algebra 174
Ž .1995 , 1073]1079.
5. V. G. Kac, Simple irreducible graded Lie algebras of finite growth, Math. USSR Iz¤ . 2
Ž .1968 , 1271]1311.
Ž .6. V. G. Kac, Lie superalgebras, Ad¤ . Math. 26 1977 , 8]96.
7. V. G. Kac, Infinite-dimensional algebras, Dedekind’s n-function, classical Mobius func-¨
Ž .tion and the very strange formula, Ad¤ . Math. 30 1978 , 85]136.
8. V. G. Kac, ‘‘Infinite Dimensional Lie Algebras,’’ 3rd ed., Cambridge Univ. Press,
Cambridge, UK, 1990.
9. J. W. van de Leur, A classification of contragredient Lie superalgebras of finite growth,
Ž .Comm. Algebra 17 1989 , 1815]1841.
10. D. H. Peterson and V. G. Kac, Infinite flag varieties and conjugacy theorems, Proc. Nat.
Ž .Acad. Sci. U.S. A. 80 1983 , 1778]1782.
11. U. Ray, A character formula for generalized Kac]Moody superalgebras, J. Algebra 177
Ž .1995 , 154]163.
